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 The first ideas concerning what is now called structural reasoning (in the 
sense, for example, of Koslow´s “structuralist logic”, see Koslow 2007) and 
structural proof-theory (see, v.g., Negri & von Plato 2001) are to be found in 
this paper written at the beginning of the 20s of the last century. In the paper 
the author introduced his key concept of system of sentences [Satzsysteme] 
and obtained some results that should count as proof theoretic. The paper was 
originally published in German in Mathematische Annalen and a second part 
appeared in the same journal some years later (Hertz 1929). Apart from them, 
Hertz wrote also further papers on the subject in philosophical journals in order 
to provide a more general understanding of his Satzsysteme (1929b is a good 
introduction to the whole system). The very idea of sequent calculi and of 
structural rules was first conceived by Hertz. This fact was explicitly 
acknowledged by Gentzen himself who devoted his first published paper to 
Hertz´s systems (Gentzen 1933). The analysis of the formal structure of proofs 
was one of Hertz´s most important achievements and it can be regarded as an 
anticipation of General Proof Theory in the current sense. It must be noticed 
that Hertz’s contributions were made when the “metamathematical revolution” 
had not been completely accomplished, so that many metalogical notions had 
not been introduced yet. It can be asserted that Hertz´s systems played the 
role of a bridge between traditional formal logic and Gentzen´s logical work. 
 Paul Hertz (1881-1940) studied Physics and Mathematics in Göttingen, 
where he earned his PhD in 1904. He taught in Heidelberg until 1912. In this 
period, he contributed essentially to statistical mechanics and thermodynamics. 
According to Bernays, typical of his research was its conceptual and 
methodological clarity (see Bernays 1969). In 1913 he moved to Göttingen 
again, where he - under the influence of David Hilbert´s program - became 
interested in Epistemology and Methodology of Science. He edited together 
with Moritz Schlick the work of Hermann von Helmholtz on Philosophy of  
Science (von Helmholtz 1921). In some of these writings, problems concerning 
the philosophy and methodology of mathematics were discussed, specially in 
relation with the evaluation of non-euclidean geometry./1/  
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 In 1921 he received an appointment to teach on “Methoden der exakten 
Naturwissenschaften” (Methodology of exact natural sciences) in Göttingen as 
ausserordentlicher Professor (associated professor). In those years he 
discussed his work with Paul Bernays and also took part in philosophical 
discussions with members of the Vienna Circle and the Berlin Group (se Haller 
1993, p. 76). In 1933 his venia legendi  was withdrawn due to the racial laws of 
the Nazi-regime. He received then a research grant from the American Rescue 
Committee to work at the University of Geneva and -from 1936 on- at the 
German University of Prague. In 1939 Hertz emigrated to the USA, where he 
died in 1940 (for further references see Bernays 1969). In this time he 
published on causality and philosophy of logic in the Journal Erkenntnis (see 
Hertz 1931, 1939). 
 As a matter of fact, the logical work of Hertz and its influence on 
Gentzen remained rather unnoticed by logicians. However, Paul Bernays had a 
highly positive appraisal of Hertz´s contributions. Alonzo Church listed in his 
Bibliography almost all of Hertz´s logical writings (see Church 1936, p. 187), 
and  also Haskell B. Curry pointed out the importance of Hertz´s contributions 
in a historical note in his Foundations of Mathematical Logic (Curry 1977, pp. 
246 ff.). /2/  
 Hertz´s main contributions to logic could be summarized as follows: 
 
1. The notion of sequent, anticipating Gentzen´s sequent calculus 
2. The development of methods for constructing minimal axiom systems. 
3. An Analysis of the structure of proofs. 
4. The idea of a system of deduction consisting exclusively of structural 
deductions. 
 
His 1922 paper devotes to 1. and 2.  More precisely, he achieved (a) some 
formal results concerning minimal axiom systems in order to reduce their 
complexity, (b) the introduction of special symbols (“ideal elements”) in order 
to reduce the complexity of axioms. In the following, a general overview of all 
these contributions is given. 
 Hertz`s original interest in logic, as it is shown in the paper reproduced 
here, was largely focused on the formal properties of axiom systems and his 
goal consisted in developing reduction methods for axiomatic systems from 
which some sort of “minimal” and independent system could be obtained, that 
is, a system where proofs should be as elemental as possible. Taking into 
account the situation of diferent axiomatic systems for the same theory, he 
explicitely thought about the possibility  of developing reduction procedures to 
achieve some sort of irreducible (“normal”) axiomatic system (see Hertz 1922, 
p. 246). In doing so, he initiated an investigation of the general properties of 
axiomatic systems. In this respect, he referred to “the notion of axiom in 
general” (Hertz 1929a, p. 427). His research led him to the idea of Satzsystem 
(system of sentences), undoubtedly his main contribution to mathematical 
logic. 
 In Hertz´s sense, a “sentence” [Ger. Satz], related to a “basic domain” of 
elements, is an expression of the forms 
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(1) a   b, 
 
(2) a1, a2, ..., an   b. 

 
where a1, a2, ..., an are called the antecedens of the sentence and b its 

succedens (Hertz 1922, § 1.1, p. 249). Sentences of the form (1) are called 
“sentences of first degree” (lineal sentences in later papers), i.e., they have 
only one antecedens. Apart from this, he distinguished in his paper from 1929 
between sentences with free individual variables (generally understood as 
universally quantified) and sentences with constants which he called 
respectively `macrosentences´ (Makrosätze) and `microsentences´ 
(Mikrosätze).  
 Hertz proposed different interpretations for these sentences, depending 
on the nature of the basic domain (events or predicates). Basically, we can find 
the following interpretations:  
 
(i) elements as events (Ereignisse, see1929a, p. 459);  
(ii)  elements as predicates: If the predicates a1, a2, ..., an satisfy an object, 

then b satisfies it too (see Hertz 1928, p. 273);  
(iii) sentences as formal implications “in the sense of Russell” (see 1922, p. 247 
note 1), that is, they are to be understood as general valid implications 
between sentences.  
 
According to this, the very symbol   is alternately interpreted either as a 
logical relation (between events, predicates or sentences) or as a logical 
constant. Thus, he conceived the idea of sentences as symbolic structures in an 
abstract way, that is, as a “complex” of elements (see Hertz 1922 § 1.1).  
 The first reaction to Hertz´s ideas was to see them as a contribution to 
positive logic (i.e. propositional logic restricted only to conjunction, disjunction 
and material implication), which was analyzed by Bernays and others in 
Göttingen and for which its decidability had already been proved  (see Bernays 
1927, p. 11).  In the Grundlagen der Mathematik by Hilbert and Bernays, Hertz 
is mentioned related to this field of research (see Hilbert & Bernays 1934 p. 68 
n. 1). 
 With systems of this kind, Hertz aimed to solve the problem of the 
deductive closure of formal theories, which was discussed at that time. Usually 
this problem consists in determining for a set of sentences that everything that 
can be proved in the theory belongs to that set. In other words, it consisted in 
assuring that every theorem of the theory is in the set. This problem led him to 
the idea of “closed systems (sets) of sentences” (geschlossene Satzsysteme, 
Hertz 1922, § 1.5)./3/ 
 In the introduction of this paper, Hertz describes intuitively the problem 
of obtaining a minimal axiom system by means of graphs. The basic elements 
of the sentences are represented by points and arrows connecting these points 
correspond to sentences. Then, it is shown how the introduction of ideal 
elements reduces the number of arrows (i. e. sentences, Hertz 1922, p. 248). I 
will go back to this subject. 
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  After this first presentation, Hertz established a minimal set of rules for 
closed systems of sentences, which constituted an antecedens of the structural 
rules in Gentzen´s sequent calculus. He considered the case of an “inference 
system” (Schlusssystem) consisting in proofs for a system of proposition 
through these rules. Following the characterization of closed systems of 
sentences, they must contain what Hertz called “tautological sentences”, of the 
form 
 
a  a, 
 
which are “essentially logical” sentences.  
 Appart from this, Hertz realized that the closure of the system depends 
on both the rules of the system and the proof procedures in it. In all the papers 
he wrote on the subject in the 20´s he presented two basic inference rules, 
which not only constituted the minimal set of rules for building closed systems 
but also played the role of basic principles defining logical inference. The first 
rule was a generalization of transitivity of the arrow and was called by Hertz 
with the traditional name of syllogism (Syllogismus). It had the following 
structure: 
 
a11, a12, ..., a1n   b1 

a21, a22, ..., a2n   b2 
........................ 
am1, am2, ..., amn   bm 

  a11,...,a1n,a21,...,a2n,am1,...,amn,b1,...., bm   c  

___________________________________________________________ 
a11,...,a1n,a21,...,a2n, ..., am1,..., amn   c . 

 
Hertz conceived this rule as a generalization of the modus Barbara of the 
Aristotelian syllogistic (if we think the rule as applied to Makrosätze, that is 
those sentences having free variables, which should be understood as 
universally quantified), and for him  it played a decisive role in the 
characterization of logic. It constituted the basis of the whole deductive logic 
(see his later paper of 1935).  Moreover, Hertz himself considered his systems 
of sentences as “the old theory about the chained inferences according to the 
Modus Barbara” (1929b, p. 178). He understood `chain inferences´ 
(Kettenschlüsse) as the succesive application of the syllogism rule in a system 
of sentences as some kind of sorites. 
 The second rule is the rule of `immediate inference´ (ummitelbarer 
Schluß) having the following form (see Hertz 1929a, p. 463):  
 
a1, a2,..., an   b 

___________________________________ 
 

a1,a2,...,am,a1, a2, ..., an   b   . 
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This rule permits the introduction of every antecedens in a proposition stating 
also a kind of monotonicity principle for deductive inferences, another 
distinctive feature of logic. When this rule is applied to tautological sentences, 
the result are logical sentences, having the form 
 
a1, a2, ..., an, a   a, 

 
and called trivial sentences by Hertz. 
 If we restrict ourselves to sequents with only one succedens, the 
similarities between Hertz´s rules of syllogism and immediate inference, on the 
one hand, and the cut rule and thinning of Gentzen´s sequent calculus, on the 
other hand are obvious. Moreover, Hertz´s tautological sentences correspond to 
the logical axioms in Gentzen´s sequent calculus. In his paper of 1933 on 
Hertz, Gentzen fomulated a version of Satzsysteme, which constituted an 
intermediate system between Hertz´s system and the sequent calculus (see 
Gentzen 1933). This system contained tautological sentences, a version of 
immediate inference -called Verdünnung (thinning) by Gentzen- and the 
following simplified version of syllogism: 
 
L  u         M  u  v 
_____________________ 
 
L M  v, 
 
which Gentzen called ‘cut` (Schnitt). 
 To show that his rules provided closed deductive systems, Hertz had to 
analyze the structure of the proofs generated by them. Thus, he devised a 
whole proof theory for systems of sentences. He developed a specific 
terminology for the description of proofs (see the second part of Hertz 1922). 
With the expression `chained-inference` (Kettenschluss) he referred to 
orderings in the applications of rules, and he called ‘inference systems’ the 
derivations resulting from tautologies by applying the rules of syllogism and 
immediate inference. These inference systems have always a tree-structure 
(see also Hertz 1929a, p. 467).  
 In investigating the structure of proofs, Hertz identified two “proof-
methods” for systems of sentences with lineal sentences, which constitute two 
different normal forms for proofs. Following the tradition in formal logic and the 
usage in logic textbooks of that time, Hertz called these two forms ‘aristotelian’ 
and ‘goclenian’  - the latter after the German logician Rudolph Göckel 
(Rodolphus Goclenius, 1547-1628), who had considered categorical syllogisms 
of an analogous form. An example of an aristotelian normal form is the 
following 
 
a   b        b   m 
________________ 
 
 a   m  m   c 
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 _____________________ 
  a   c   
 
This normal form is characterized by the fact that the right premiss of each 
application of the syllogism rule is an axiom (or “upper proposition”, see, e.g.. 
1929a, pp. 473 ff.). On the contrary, in the goclenian normal form the left 
premiss of each application is an axiom, that is 
 
  b   m     m   c 
  _________________ 
 
a   b                 b   c 
_______________________ 
 
 a   c . 
 
That is, the last upper proposition in an aristotelian normal form is first in a 
goclenian one, and viceversa: the last upper proposition in a goclenian normal 
form is an aristotelian one. 
 Hertz devised a procedure for transforming goclenian normal form into 
an aristotelian one (see Hertz 1929a, p. 473). This procedure should be a 
decision method related to these normal forms (see 1929a section 3). A 
reconstruction of these procedures with technical details can be found in 
Schroeder-Heister 2002. 
 To some extent, the tarskian usual definition of logical consequence by 
means of the three basic conditions of reflexivity, monotonicity and transitivity 
was anticipated by Hertz´s conception. These similarities were acknowledged 
by Tarski (see Tarski 1930, p. 62 fn.)./4/ Notwithstanding, Hertz has mainly and 
decisively influenced Gentzen´s proof-theoretical view on logical consequence. 
  Hertz considered his rules as the “essence of logic”, as he stated in his 
contribution to a conference on mathematical logic that took place later in 
Geneva in1934. According to Hertz, the rule of syllogismus specially disclosed a 
process that could be summarized as the search for a middle-term, designated 
as interpositum by him, in order to apply this rule (see Hertz 1935, pp. 249 ff.). 
The assertion of an implication S  A implies the existence of an interpositum 
C, so that S  C and C  A can be asserted, and this process goes on until the 
subject finds basic sentences of some kind. In this process lies the origin of 
logic. Here, a new formulation of Aristotle´s main ideas on the nature of 
syllogism, and its methodological function, can be found. These ideas were 
expressed by the inventio medii, the search for a middle term to construct a 
syllogism in modus barbara (see Aristotle An. Pr. A26 43 a 16-24).  However, 
Hertz emphasized the epistemological aspects. Originally, Hertz regarded 
deduction as a kind of mental process. His epistemology book, Über das 
Denken, made reference to logical processes in knowledge (s. Hertz 1923, p. 
121). 
 It is interesting to notice that this process is not itself a deductive 
procedure. It can be identified with what is generally called a regressive 
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method, a method for finding the grounds or justification of a proposition 
(which is then deduced from them). This regressive method is opposed to the 
progressive method, which proceeds from the grounds to the proposition in a 
synthetic way. Deduction should be a kind of such method. The notion of 
regressive method was dicussed in Göttingen at that time within Hilbert´s 
research group, and it should be an essential part of the axiomatic method, its 
analytical part, consisting in the differentiation between what counts as axiom 
and what as theorem in an axiomatic system, that is, it consists in establishing 
the axioms of the system, according to statements of Hilbert (see Hilbert 1992). 
The another part of the axiomatic method would be the progressive part 
consisting in deducing theorems from the axioms. 
 In his philosophical papers and in some letters to Paul Bernays, Hertz 
made reference in several opportunities to synthetic moments or aspects in 
logic and it should be understood in the sense of a combinatorial or progressive 
process, such as Bernays stated as well in his philosophical paper on Hilbert´s 
proof-theory (Bernays 1930). 
 In the 1922 paper, Hertz introduced the notion of ideal elements (“ideale 
Elemente”) in an axiomatic system to the effect that the number of axioms in 
the system can be reduced. The expression “ideal element” was in vogue at 
that time and it came to be an important notion in Hilbert’s program, where a 
distinction between a real and an ideal part in mathematics is made. In the 
case of Hertz, it can be said that he intended to grasp only some of the purely 
formal aspects of this notion, excluding semantic properties. These formal 
aspects consisted in its connecting real elements and in its reductive power. He 
argued that these ideal elements (terms or formulas) serve as a way to connect 
real elements. Moreover, these ideal elements provide “an accurate 
representation of sentences with real elements”, “sentences with ideal elements 
have no meaning in themselves (Bedeutung an sich). Only sentences including 
exclusively real elements have meaning” (Hertz 1922, p. 249). 
 Hertz gave the following example of a system with the elements a, b, c, 
d and e constituting its domain and having the following axioms (on the left), 
and producing the following simplified system through the ideal element i (on 
the right): 
 
a  d 
a  e     a  i 
b  d    >>>>  b  i 
b  e     c  i 
c  d     i  d 
c  e     i  e 
 
(see Hertz 1922, p. 248). 
 Now, Hertz suggested that molecular sentences could also be seen as 
ideal sentences: 
 
“Trough introduction of ideal sentences, we avoid the use of the words ‘or’ in 
the antecedens, and the use of the word ‘and´ in succedens.”  (Hertz 1922, p. 
262) 
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This idea can be easily illustrated through the following system 
 
A1  B1  
A1  B2 

A2  B1 

A2  B2  

 

which can be reduced alternatively to the systems 
 
A1  B1&B2 

A2  B1&B2     
 
or 
 
A1  A2  B1    
A1  A2  B2     
 
and finally to the system with the only proposition 
 

    

 

where B1&B2 is the ideal element   and A1  A2  is the ideal element . So, the 
introduction of molecular sentences in systems of sentences serves the purpose 
of reducing the number of axioms.  
 
It seems reasonable to connect these diferents aspects of finding ideal 
elements, searching an interpositum, the regressive method and, finally, the 
existence of synthetic processes in deduction, considering them as the key 
notions in an epistemological foundation of logic as it was pursued by Hertz. 
 
 
Notes 
 
1. In the edition the following papers of  von Helmholtz  were included “Über 
den Ursprung und die Bedeutung der geometrischen Axiome”, “Über die 
Tatsachen, die der Geometrie zugrunde liegen”, “Zahlen und Messen” and “Die 
Tatsachen in der Wahrnehmung”. 
 
 

2. In his biographical article on Hertz, Bernays wrote “Diese Untersuchungen 
[of Hertz] sind Vorläufer verschiedener neuerer Forschungen zur 
mathematischen Logik und Axiomatik, insbesondere hat G. Gentzens 
Sequenzenkalkul von den H.schen Betrachtungen über Satzsysteme seinen 
Ausgang genommen” (Bernays 1969, p. 712), and in a paper on sequent 
calculi, Bernays asserted:  “... in der Hertz´schen Theorie der Satzsysteme ein 
gewiss bei weitem noch nicht hinsichtlich der möglichen Fragestellungen und 
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Erkenntnisse ausgeschöpftes Forschungs-gebiet der Axiomatik und Logik 
vorliegt.” (Bernays 1965, p. 5, footnote). Haskell Curry in a historical note of his 
textbook on mathematical logic stated: “For the present context it is worthwhile 
to point out that Gentzen was apparently influenced by Hertz [...] This throws 
some light on the role of “Schnitt” in the Gentzensystem.” (Curry 1977 pp. 246 
f.). Vittorio Michele Abrusci wrote an introductory paper on Hertz´s logical work 
(Abrusci 1983). Further information on Hertz can be found in the Nachlaß of 
Paul Bernays (ETH Zürich), the Nachlaß of David Hilbert (Göttingen), 
biographical notes (not published) by Adriaan Rezus (Nijmegen), and above all 
in Hertz´s Nachlaß  located at Archives for Scientific Philosophy, University of 
Pittsburgh. 
 
3. It was also handled explicitly by Fritz London in his doctoral thesis Über die 
Bedingungen der Möglichkeit einer deduktiven Theorie, published in 1923, and 
later by Alfred Tarski (see Tarski 1930, p. 70), but on a completely different 
background than Hertz.  
 
4. Tarski wrote: “The discussion in Hertz, P. (27) has some points of contact 
with the present exposition.” (Tarski 1930, p. 62 fn 1) 
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